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In acyclic job shop scheduling problems there are n jobs and m machines. Each job is
composed of a sequence of operations to be performed on different machines. A legal
schedule is one in which within each job, operations are carried out in order, and each
machine performs at most one operation in any unit of time. If D denotes the length of
the longest job, and C' denotes the number of time units requested by all jobs on the most
loaded machine, then clearly b=max[C, D] is a lower bound on the length of the shortest
legal schedule. A celebrated result of Leighton, Maggs, and Rao shows that if all operations
are of unit length, then there always is a legal schedule of length O(lb), independent of n
and m. For the case that operations may have different lengths, Shmoys, Stein and Wein
showed that there always is a legal schedule of length O(Ib(log1b)?), where the (O) notation
is used to suppress loglog(lb) terms. We improve the upper bound to O(lbloglb). We also
show that our new upper bound is essentially best possible, by proving the existence of
instances of acyclic job shop scheduling for which the shortest legal schedule is of length
f)(lbloglb). This resolves (negatively) a known open problem of whether the linear upper
bound of Leighton, Maggs, and Rao applies to arbitrary job shop scheduling instances
(without the restriction to acyclicity and unit length operations).

1. Introduction

In job shop scheduling (JSS) problems there are n jobs and m machines.
Each job is composed of a sequence of operations, where each operation has
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a machine and length (processing time) associated with it. An operation
is scheduled by specifying a time step at which it begins, and then the
operation is executed on its respective machine without interruption for a
time period that is equal to its length. A legal schedule is one in which each
operation is scheduled only after all operations preceding it in its job have
been completed, and each machine performs at most one operation at any
unit of time. The makespan of a legal schedule is the time by which all jobs
have been completed. For a given JSS instance, let L denote the minimum
makespan, taken over all possible legal schedules. Computing L is NP-hard.
In this paper, we are interested in providing upper and lower bounds on L.

We shall concentrate on acyclic job shop scheduling, for which within each
job, all operations are performed on different machines. A known example
where acyclic JSS comes up naturally is that of message routing through
a communication network. Each link of the network may be viewed as a
machine, and each message may be viewed as a job. If a path is specified from
the source to the destination of a message, traversing a link along the path
can be viewed as an operation. Naturally, paths are acyclic. How should one
schedule the transmissions of messages over links so as to minimize the time
until all messages reach their destinations? If messages cannot be segmented
and need to hop from vertex to vertex as a whole, and furthermore, while
a message traverses a link no other message can use this link, then this
question is an instance of acyclic JSS.

There are two trivial lower bounds on L. One of them is the length of
the longest job, known as the dilation D. The other is the load on the most
loaded machine, namely, the total number of time units that all jobs require
on this machine, which is known as the congestion C. Clearly, [b=max|[C, D]
is a lower bound on L. Surprisingly, Leighton, Maggs, and Rao [8] showed
that for acyclic JSS, if all operations are of unit length, then in fact L=6(lb),
regardless of any other parameter such as n and m. The proof given in [§8] is
nonconstructive (that is, it does not provide an efficient algorithm for finding
a schedule with makespan O((b)), and makes repeated use of the Lovész local
lemma. Attempts to generalize the O(lb) upper bound to general JSS (with
the assumptions on acyclicity or unit length removed) were unsuccessful. The
best upper bounds known for general JSS are L = O(Ib(loglb)?/loglogb)
by Shmoys, Stein, and Wein [13], later improved by a logloglb factor by
Goldberg, Paterson, Srinivasan, and Sweedyk [5].

Our main results are as follows:

e For acyclic JSS, L=0O(lbloglbloglogb). This improves previously known
upper bounds for acyclic JSS by a factor of loglb/(loglogb)3.
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e There are instances of acyclic JSS for which L = 2(lbloglb/logloglb).
This resolves (negatively) the open question (see, e. g., [13,5]) of whether
the linear upper bound of Leighton, Maggs, and Rao applies to arbitrary
job shop scheduling instances. Moreover, this shows that our upper bound
for acyclic JSS is best possible up to a factor of O((logloglb)?).

Similar to the proof in [8], the proof of our upper bound makes repeated
use of the Lovéasz local lemma. However, the existence of operations of dif-
ferent lengths requires the use of the general version of the local lemma,
rather than the uniform version used in [8].

Our upper bound only proves the existence of short schedules. It does
not provide an efficient algorithm for finding them. The main obstacle is the
nonconstructive nature of the local lemma. There are algorithmic versions of
the local lemma [2], and they have been used, for instance, in order to provide
a polynomial time algorithm for finding schedules of length O(lb) for unit
length acyclic JSS [9]. Providing an algorithmic version of our upper bound
is much more complicated and has only been found recently [4]. We remark
that for general JSS, the upper bounds of [13,5] are algorithmic (though
provide a weaker guarantee than our upper bound for acyclic JSS), and that
it is NP-hard to approximate L within a ratio better than 5/4 [14] (even for
flow shop scheduling, which is a special case of acyclic JSS). In the context
of routing, one often seeks an algorithm that is not only polynomial time,
but also distributed. Some work towards providing a distributed algorithmic
version of [8]’s schedule is presented in [7,10,12,11].

We point out some additional consequences of our work.

e Preemption provably helps. In preemptive JSS one is allowed to
temporarily suspend (interrupt) an operation on some machine, let the
machine perform some other operation, and later resume the original
operation (as if an operation of length [ is composed of a sequence of
[ unit length operations). In some cases of JSS it makes sense to al-
low preemption, perhaps at some cost. Previous to our work, there was
no proof that using preemption can significantly reduce the makespan.
In Section 3.1 we show an example where this is indeed the case.
More importantly, we are also able to prove a general upper bound of
L =0(lblogloglb) for acyclic JSS with preemption. Note that a similar
upper bound does not hold if preemption is not allowed, by our lower
bound of L=(2(lbloglb/logloglb).

e Dilation versus congestion. It has been observed that congestion
and dilation influence the makespan differently. For example, Leighton,
Maggs, and Rao [7] present a distributed algorithm for unit length acyclic
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JSS that produces schedules of length O(C + Dlogn). Our results (see
Sections 2 and 3 for details) make similar distinctions between C and D.
In particular, if C' = 2(D'*€) for some € > 0, then L = O(Ib), even for
general JSS.

Operation lengths that depend only on machine. In a packet rout-
ing network, it may well be the case that all packets are of the same size,
but that some links are slower than others (modems of different speeds
on the communication lines). In this case, any two packets take the same
time to cross the same link, but a packet may take more time to cross one
link than another link. For acyclic JSS in which operation lengths depend
only on the machine, our upper bound improves to L = O(lblogloglb).
(For general JSS, if operation lengths depend only on the machine, then
L=0(Ilbloglb/logloglb). This follows from techniques of [8,13].)
Operation lengths that depend only on job. Returning to the rout-
ing example, consider the case where each link has the same speed,
but messages may be of different length. In this case, different mes-
sages may take different time to cross the same link, but any mes-
sage takes the same time to cross two different links. This restriction of
acyclic JSS does not seem to help, as in our negative example for which
L=1(lbloglb/logloglb), operation lengths depend only on the job. (Any
instance of acyclic JSS can also be cast as an instance of message routing,
though the paths that messages follow from source to destination may
appear to be artificial.) This finding supports the practice of breaking
messages into packets. By this we obtain an instance of unit length acyclic
JSS, which by [8] has a makespan of O(lb). We note that we may use here
a convenient form of packet routing in which all packets corresponding to
the same message follow the same path and arrive in order. If, however,
we add the requirement that the packets of a message have to form a
continuous stream through the network, Cole, Maggs, and Sitaraman [3]
showed that under certain circumstances the makespan may again be in
w(lb).

A constant number of operation lengths. If there are only a constant
number of different operation lengths, then we can show that L =O(lb)
(the O notation hides a constant that is exponential in the number of
different operation lengths).

Many questions remain open. Here are our favorite ones:

General JSS. We have not been able to improve the upper bound of
L = O(Ib(logb)? /(loglogb)?) for general JSS. How tight is this upper
bound?
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e Preemptive JSS. For acyclic JSS with preemption we show that L =
O(lblogloglb). We do not know if this is best possible. Is L = ©(ib)?
For general JSS with preemption we were unable to improve over the
previously known upper bound of L= O(lbloglb/logloglb), nor provide
any evidence that L=0©(lb) is unachievable.

e Flow shop scheduling. An important special case of acyclic JSS is
flow shop scheduling, where machines are ordered, and within each
job, the order in which machines are requested respects the order of
the machines. Previous to our work, the best upper bound known
for flow shop scheduling was similar to that of general JSS, namely
L = O(Ib(loglb)?/(logloglb)?). Clearly, our upper bound of L =
O(Ibloglblogloglb) for acyclic JSS applies also to the special case of flow
shop scheduling. However, this does not hold for our lower bound of
L=12(lbloglb/logloglb). Can the upper bound for flow shop scheduling
be improved significantly?

1.1. Our results

We assume that the shortest operation length is 1 (this is achieved by scal-
ing), and that all other operation lengths are a power of 2 (by rounding
operation lengths up to the nearest power of 2, loosing a factor of at most 2
in congestion and dilation). Recall that C' and D denote congestion and
dilation (respectively), and that (b = max[C,D]. Let P denote the length
of the longest operation, and for general JSS, let () denote the maximum
number of time units that one job requests one machine (i. e., the sum of
the lengths of the operations that the job performs on that machine). Hence
P <@Q<min[C, D] <Ib. In the following, we assume that if logz or loglogx
are smaller than 1, we always round them up to 1.

The following two theorems, which are proved in Section 2, describe our
upper bounds on the length L of the shortest legal schedule.

Theorem 1.1. For acyclic job shop scheduling, the following are upper
bounds on the makespan:

(1) For any acyclic JSS problem,

log P
L=0 ((C + Dloglog P) log(min[C/Dg+lOg log P,P])) ’

implying that L=0(lbloglblogloglb). Observe that if C'> D-P¢ for some
>0, then L=6(C).
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(2) If there are only a constant number of operation lengths (independent
of the values of C' and D), then L=06(lb).

(3) If operation lengths depend only on the machine on which the operation
is performed, then L=0(C+ Dloglog P).

(4) With preemption, L=0(C+ Dloglog P).

Theorem 1.2. For general job shop scheduling, the following are upper
bounds on the makespan:
(1) For any JSS problem,
_ log Q log P
L=0 <<C T D ot 223 )) 1og(min[c/D+1ogQ,P}>>-

1+C/D

Observe that if C > Dmax[P¢,log Q] for some €>0, then L=0(C).
(2) With preemption, L=0(C+ (DlogQ)/log(2+ 1fg?D)).

The following two theorems, which are proved in Section 3, describe our
lower bounds on L. For general JSS, we give a simple explicit construction
showing:

Theorem 1.3. For any integer k> 1, there is an instance of (general) JSS
with k jobs, k machines, dilation and congestion each equal to D= (klogk)¥,
such that any legal schedule is of length more than Dk(1— ——). For large

logk
k this gives L~kD and k~log D /loglog D.

Using a probabilistic argument, the following result is shown for acyclic

JSS.

Theorem 1.4. For a large enough dilation D, there is an instance of acyclic

JSS with C'< D and L>D1611§ggi£g[).

2. The upper bounds

In this section we prove Theorems 1.1 and 1.2. Let us first give a high level
overview of our approach and the new ingredients that it contains compared
to [8,13,5]. For simplicity, consider an instance of acyclic job shop scheduling
with n=m=D=C and operations of varying lengths. The approach of [13]
(based on techniques in [8]) for handling this instance has two phases:

(1) Use a simple randomized algorithm to construct an intermediate sched-
ule of length O(n). This intermediate schedule may be illegal in the sense
that it contains contention conflicts: at certain time steps as many as
a=0(logn/loglogn) jobs may want to operate on the same machine.
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(2) Convert the intermediate schedule into a legal schedule of length
O(anlogn).

In [5], the second phase was improved to give a schedule of length
O(anlogn/loglogn).

We also follow this two phase approach. In the intermediate schedule we
allow for higher contention o= O(lognloglogn). However, this contention is
distributed evenly over operations of different lengths, where for each value
of t, operations of length ¢ contribute at most O(loglogn) to the contention.
This allows for a more efficient implementation of the second phase, which
now gives a legal schedule of length essentially O(an).

In order to construct our intermediate schedule, we follow the approach
of [8]. We start with the (illegal) schedule of running all jobs in parallel
and make a sequence of refinement steps, each time obtaining a new (il-
legal) schedule. The feasibility of each refinement step is proved using the
Lovasz local lemma. However, the existence of operations of different lengths
(rather than just unit length operations) causes significant differences be-
tween our refinement steps and those of [8]. We use many more refinement
steps (O(logn/loglogn) rather than O(log*n)), and we use the general form
of the local lemma rather than the uniform (symmetric) version.

In Section 2.1, we give definitions and establish notation that is used
throughout the proofs of the upper bounds. Section 2.2 reviews some prob-
abilistic lemmas that we later use. In Section 2.3, we show how to convert
suitable intermediate schedules for any JSS problem into legal schedules.
Section 2.4 proves the existence of an efficient intermediate schedule for
general JSS (used in the proof of Theorem 1.2), and Section 2.5 proves the
existence of an efficient intermediate schedule for acyclic JSS (used in the
proof of items (1), (3) and (4) in Theorem 1.1). In Section 2.6, we present
the proof of Theorem 1.1 (2).

2.1. Definitions

Our proofs will use the following notation. A t-operation is an operation of
length ¢. We assume that the shortest operation length is 1 (this is achieved
by scaling), and that all other operation lengths are a power of 2 (by round-
ing operation lengths up to the nearest power of 2, loosing a factor of at
most 2 in congestion and dilation). We use the notation (<t)-operation to
denote an operation whose length is not more than ¢, and T-operation to
denote an operation whose length belongs to the set T
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A time interval is composed of consecutive time units. A t-interval de-
notes a time interval of length ¢. Some intervals, called frames, are special.
For a frame F, its length |F| is always a power of two, and its starting time
is an integer multiple of |F|. A schedule is called well-structured if every
t-operation falls into a frame of length t¢.

For a (possibly illegal) schedule, the (< t)-congestion for machine M in
time interval I is the sum over all (< ¢)-operations that are scheduled to
begin execution on M within I, where each such t'-operation contributes
t' to the sum. The T-contention of machine M is the maximum number of
T-operations that are scheduled on it at one time unit (for a legal schedule,
the contention of every machine is one).

As the length of the largest operation is P, there are at most 1+
log P different operation lengths. Partition operation lengths into consec-
utive sets of cardinality c¢. These sets are denoted in the following by
T1,T3, ..., T(1410g P)/c» Where set T; contains all operation lengths from li=1)e
to 2i~1. (For acyclic JSS, we shall later fix c=loglog P.) We remark that in
Section 2.5 we shall use a slightly modified definition for 7;. This modified
definition appears in the beginning of Section 2.5.

2.2. Probabilistic tools

In this section, we summarize the main probabilistic tools we will use in our
proofs. Let us first recall the general form of the Lovdsz local lemma (see

[1])-

Lemma 2.1 (Lovasz). Let Ay,..., A, be a set of “bad” events with de-
pendency graph G. (That is, A; is independent of the set of all events A;
with (i,7) €G.) Assume that there exist x1,...,x,€[0,1) with

PI‘[AZ'] § €T; H (1 — .%'j)
(4,5)€G

for all i. Then

n

Pr[A] > [0 —=) >0,

i=1
that is, with probability greater than zero no bad event occurs.
If all events have a similar probability of being true and roughly the

same degree in the dependency graph, one can use the following uniform (or
symmetric) form of the local lemma.
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Lemma 2.2. Let Ay,..., A, be a set of “bad” events, each A; occuring with
probability at most p and independent of all but at most b other events in
{A1,...,An}. Ifep(b+1) <1, then with probability greater than zero no bad
event occurs.

Furthermore, we use the general Chernoff-Hoeffding bounds (see, for
instance, [6]).

Lemma 2.3 (Chernoff-Hoeffding). Let X,...,X,, €[0,k] be independ-
ent random variables. Further let X =>"" | X; and p>E[X]. Then it holds
for every ¢>0 that

o€ w/k
Pr[X > (14 ¢)u] < (m) .

In case of 0<e<1, the following bound holds

PriX > (1+e)p] < e n/3k,

2.3. Transforming suitable illegal into legal job shop schedules

The following lemma describes an intermediate schedule that may be illegal
(in the sense that a machine may need to perform several operations at the
same time), but can be transformed into a legal schedule with relatively short
makespan. The lemma holds for general JSS (acyclicity is not required).

Lemma 2.4. Let «,3,7,0 be nonnegative parameters that may depend on
C and D. Assume a well-structured schedule of length § D with the following
properties holding for every machine:

e For every set T;, the T;-contention is at most o+ 3C/D.
e For any frame F, where |F| is a power of 2¢, the (< |F|/2¢)-congestion is
at most y|F|C/D.

Then the intermediate schedule can be transformed into

(1) a legal schedule of length L <25Dg¢log P/log(min[¢, P]) with ¢ =2a+
(28+~)C/D for the general case,

(2) a legal schedule of length L <§(aD+3C') for the case that the operation
length depends only on the machine on which the operation is performed,
or

(3) a preemptive schedule of length L<26(aD+ (8+~)C).
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Assume that Lemma 2.4 is true. Then Theorem 1.1 (1), (3) and (4) would
follow if we could prove the existence of a well-structured schedule for acyclic
JSS with

c=loglogD, «a=O0(loglogP), v=0(1+D/C), and j,6=0(1).

Theorem 1.2 would follow if we could prove the existence of a well-structured
schedule for general JSS with

log Q

log @
log (2 + C?%H

c:logD,a:O( )),720(1+D/C), and 3,5 = O(1).

Let us first prove Lemma 2.4. In the following, let S denote a schedule that
fulfills the requirements of Lemma 2.4.

2.3.1. Proof of Item 1.

The proof extends a technique by Goldberg et al. [5]. Let us start with parti-
tioning S into frames of length P. By the definition of P and the fact that S
is well-structured, no operation crosses a frame border. We will show how to
construct a legal schedule for the operations in each frame. Concatenating
these schedules yields a legal schedule for the whole JSS problem.

Consider some fixed frame F. Let T be a rooted complete binary tree
with P leaves labeled, from left to right, 0,1,..., P —1, each leaf denoting
a time step of the frame. Let u be a node in 7" and let ¢(u) and r(u) be
the labels of the leftmost and rightmost leaves of the subtree rooted at
u. For every machine M;, we define S;(u) to be those operations that are
scheduled on M; in F for precisely the time interval [¢(u),r(u)]. Hence each
operation is in exactly one S;(u). In the following, we will describe a frame
scheduling algorithm that produces a legal schedule for F' with makespan
2¢Pm, where ¢p=2a+ (26+~)C/D.

Let us assume in the following that ¢ is a power of two. Mark a node
w if it is at height (0 mod log¢) in T. (If u is a leaf, then its height is 0,
the father of u has height 1, and so on.) Eliminating the edges between a
marked node and its children partitions 7" into a collection of subtrees, each
of height (at most) log ¢.

Let T” be one of the subtrees of the partition. We move all operations
stored in 7" from the sets S;(v) to new sets S!(v) for every machine M;.
Initially, each S!(u) is empty for all w € T". We describe a procedure for
building up the sets S/(u). At each step of this procedure, p;(u) denotes
the time needed to process all operations currently in S}(u). We scan the
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nodes of T" from the bottom upwards, starting with all nodes at height 0,
then continuing with all nodes at height 1, and so on until the root of T” is
reached. For a node v in T” we scan its operations in an arbitrary order. For
each such operation that has to be performed on machine M; (i. e., this is
an operation belonging to S;(v)) we place it in S}(w), where w is a leaf of
the subtree of T” rooted at v with the currently smallest p;(w). We update
the respective S}(w) and p;(w). In essence, this procedure amounts to:

Distribute all operations of S;(v) among the S)(w) of its leaves w such
that their p;(w)’s are as balanced as possible.

We now view T once again as one complete binary tree. For each vertex
u we define p(u) =max; p;(u). Let the nodes of T' be numbered as uy,ug,...
in the preorder traversal of T. Define f(u1) = 0, and for any j > 2 let
f(uj) = > p<;p(ug). Run the following scheduling algorithm to produce a
schedule Sp:

Schedule the operations in S!(u) on machine M; consecutively beginning
at time step f(u) and concluding before f(u)+p(u).

It remains to show that Sg is legal and has a makespan of at most
20P log(éﬂg%. Consider any subtree T of the partition. Assume the leaves
of T" are at height j in T. Clearly, the algorithm for distributing the op-
erations in the S;(u) among the S./(u) ensures that all S)(u) for all nodes
in 7" are empty except for the leaves of T'. We want to show by complete
induction that for every height h€{0,...,log ¢}, after the algorithm has dis-
tributed all operations in the \S; of nodes of height h in 77 among the S/ of
their leaves, p(u) < ¢27 + 27" for every leaf u in T".

For h =0, this assumption follows directly from the contention bound
in Lemma 2.4. Now suppose that the bound on the p(u)’s is true for some
h>0. Then we want to show that it also holds for h+1.

Assume in the contrary that the assumption is not true for h+ 1. Then
there must exist a machine M; and a node v at height A+1 in 7" with one
of its leaves u having p;(u) > ¢27 + 277h+1 Since after the distribution of
operations in nodes of height h, p;(u) still was at most ¢27 +2/7" 4 must
have an operation from .S;(v). If this operation cannot be moved to another
leaf to decrease the number of leaves w with p;(w) > ¢27 4+ 27 Th+1 p.(w)
must be greater than ¢27 for all leaves w under v. This, however, induces
a total congestion of more than 2°+1.$27 by the (< 27+ +1)_gperations
stored in the subtree of v, which is a contradiction to the contention and
congestion bounds of Lemma 2.4 (two times the contention bound for the
largest operations plus the congestion bound for the rest are sufficient to
bound the total congestion in the subtree of v). Hence, the operations can
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be distributed in such a way that for all leaves u it holds
piu) < ¢27 + 2711080 = 271,

There are P/27 nodes at this height in 7. The sum of these p(u)’s is thus at
most 2¢P. Each subtree layer therefore contributes at most 2¢P, and there
are m layers. Thus, >, c7p(v), the makespan of schedule S, is at

most 2¢P m.

To show that Sg is legal we observe that by construction, no machine
performs more than one operation at a time. We also need to show that
each job performs its operations in order. For this, consider two operations
01 and Oy of the same job, where O, follows O;. Then we have that Oy
finishes before Oy begins under S. Assume (the more difficult case) that S
schedules O and Oy within the same frame F'. Consider the respective tree
T described above and let nodes v and v be such that Oy € S;(u), Oz € S;(v).
Then v and v are roots of disjoint subtrees of T' and u precedes v in the
preorder traversal of T'. Thus O; finishes before Oy begins in Sg, and the
new schedule is feasible.

Concatenating all 0D /P legal frame schedules yields a legal schedule
whose makespan is bounded as described in Lemma 2.4(1).

2.3.2. Proof of Item 2.

For item 2 (operation length depends on machine), observe first that the
contention is an integer, and hence a+ SC/D is an integer. Modify the
original schedule in a greedy way such that each [-operation on machine M
that started at time ¢ (recall that ¢ is an integer multiple of I) now starts
at a time step (a+ BC/D)t+il, where 0<i < (a+(C/D), and i is chosen
such that no previously considered [-operation on machine M is scheduled
to begin at the same time. Clearly, the length of the new schedule is at
most 0D (a+FC /D). The new schedule is legal for the following reasons. For
each job, operations are performed in order, because they were performed in
order in schedule S, and every operation that started at time t; and ended
at time to in S now starts at time t; > (o + 3C/D)t; and ends at time
th <(a+BC/D)ts in the new schedule. Furthermore, each machine performs
at most one operation at every unit of time, because all operations in one
machine are of the same length.

2.3.3. Proof of Item 3.
Let us divide all operations into the following two sets:

e Set A consists of all T;-operations, where i€{1,..., 1+1+gp} is odd.
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1+4log P
C

e Set B consists of all Tj-operations, where i€{2,..., } is even.

We first show that for each of the sets it is possible to produce a (still illegal)
schedule &’ with contention a4 (84 )C/D such that no operation starts
earlier than supposed to start according to S and ends later than supposed
to end according to §. We achieve this by suitably distributing the units of
processing among the time steps, allowing several units of processing from
the same operation to be placed at the same time step.

W.Lo.g., let us concentrate on scheduling operations in A. First, let
us schedule the Tj-operations. According to the contention bound in
Lemma 2.4, this can be done with contention o+ SC/D without moving
the operations.

Suppose now that for some odd ¢ € {3,...,1+1+gp} all Tj-operations in
A with j < i can be scheduled with contention a+ (54 7)C/D. Then we
want to show that also the Tj-operations in A with j <7 can be scheduled
with contention o+ (8+4)C/D. Let us choose the strategy that we always
try to fully exploit this contention bound, preferring insertions of units of
processing from the operation that has to finish next in §. Suppose that
with this strategy there is an operation that cannot be inserted before it
ends according to §. We will show by contradiction that this cannot happen.

Let us choose the first operation, say O, where a bad event happens. Let
us go back in time until we reach a point where a contention of a+(G+y)C/D
could not be fully exploited (or we reach the beginning of §). This means
that all T;-operations that started before could already be inserted. Choose
I as the interval that starts at the first point (forward in time) from this
point, where a Tj-operation starts in S, and ends where O is supposed to end
in S. Since the starting point of I cannot be later than the time step when O
starts in S, the length of T is at least 20~ In fact, we chose I above such
that its length is an integer multiple of 20— 1e¢ (which is the smallest length a
T;-operation can have). Since S is well-structured, all units of processing of
Tj-operations with j <+ that are inserted in I belong to Tj-operations that
start in I. From the congestion bound in Lemma 2.4 we know that within
such an interval the congestion caused by Tj-operations in A with j <4 is
at most 7|I|%. Hence, if a contention of a+ (G+~)C/D does not suffice to
insert all T;-operations that end no later than O, then, since all T;-operations
starting before I could be inserted before I, this means that somewhere in
I there must have been a contention among the T;-operations of more than
a+ [C /D, which contradicts the contention bound in Lemma 2.4.

Hence, all operations in A can be scheduled with contention o+ (5 +
v)C/D, and therefore all operations in A and B can be scheduled with
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contention 2(a+(4+7y)C/D). Since a schedule of length ¢ that has contention

¢ can be simulated by a preemptive schedule of length c-¢ with contention
1, item 3 follows.

2.4. An intermediate schedule for general JSS

In this section, we prove the existence of an intermediate schedule that fulfills
the requirements of Lemma 2.4 with

log @
lo
log (2 + 1+§‘?D

c:logD,a:O( )),720(1+D/C), and 3,0 = O(1).

We assume w.l.o.g. that C' > D. (If D > C, just use D instead of C' as an
upper bound on the congestion.) Since ¢ =log D, all operations (except of
the D-operations) are combined into one set T;. Hence, it remains to show
the following lemma.

Lemma 2.5. For any job shop scheduling problem, there exists a well-
structured schedule of length O(D) such that for every machine the con-
tention is bounded by

C log Q
0 D log Q '
( log (2 + +C/D> )

Proof. Let us first assume that Q > D%, i. e., logQ=06(log D). Consider,
for each job, the random experiment of choosing a delay independently and
uniformly at random from a range of [0, D —1]. Each job that is assigned a
delay of § waits for J time steps and then is processed by the machines in
the prescribed order until it is completed. We use this random experiment
to show with the help of the Lovasz local lemma that delays exist such that
Lemma 2.5 is satisfied. In order to simplify the proof, let us assume in the
following that D is large enough (in fact, D >8 suffices).

Fix a machine M;. We want to bound the probability that the contention
among the operations in M; exceeds some limit. For this, let us consider some
fixed time step t. Let ¢ be the probability that at least k£ units of processing
are scheduled on M; at t. There are at most (f) ways to choose k units of
processing from the operations for M;. For each such choice, the probability
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that all & units are scheduled at ¢ is at most (1/D)*. Hence we get with

k= 26% +4log(CD)/log(2+ lfi(g/DD) ):

= (O G) < (5) - ()

_aoscn) A ogCD)
(1Yt =
2

1 2log(CD) 1
< | = = .
<) ~op

Let us define event A; to be true if M; has a contention of at least k£ at some
time step. Since there are at most 2D time steps to consider, the probability
p that A; is true is at most 1/(4CD).

In order to apply the Lovasz local lemma, we have to bound the depen-
dencies among all these events for all machines. Whether or not an event
becomes true depends solely on the delays assigned to the jobs. Thus, two
events are independent unless some job has operations in both of the corre-
sponding machines. Since every machine processes at most C' operations and
each of these operations belongs to a job with at most D other operations,
the dependence b among the events is at most C'-D. Hence, ep(b+1) < 1
and therefore, by the Lovész local lemma, there exist delays such that the
contention at every machine is bounded by

<

C 4log(CD) C log D
26— + = O — +
log(CD log D
D log (2 + 1-%—(0/17)) D log (2 + 1+%/D)

It remains to transform this schedule into a well-structured schedule. As it
was shown in [5], a non-well-structured schedule can be easily transformed
into a well-structured schedule by stretching the makespan by a factor of
two as follows:

For any [ and ¢, operations of length [ that start at time ¢ in the original
schedule start at a time step that is the least integer multiple of [ that is at
least as large as 2t. Two operations overlap in the new schedule only if they
overlap in the original schedule.

So for @ > D'/* the lemma is true. It remains to show what to do if
Q< D4,

Our strategy will be to make a succession of refinements to an initial
schedule Sy until we reach a schedule S; of length O(D) with the property
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that for every frame of size Q% the congestion at any machine is bounded
by O(% -@?). Then we split S; into frames of size Q3 and schedule each of
them independently as described above. This yields a final subschedule of
length O(Q3) with contention

C 1 3
O (5 + Og ?og Q3 ) .
log (2 + 1+C/D>
Combining these subschedules into one schedule by executing them one after

the other would therefore yield Lemma 2.5. In order to show how to do the
refinements, we need the following lemma.

Lemma 2.6. For any job shop scheduling problem with congestion C', di-
lation D and Q < D'/*, there exists a schedule of length O(D) such that for
any Q3-interval the congestion at any machine is bounded by O( -Q3).

Proof. The proof uses the Chernoff-Hoeffding bounds and the Lovasz local
lemma at each refinement step. Let us start with an initial schedule Sy, in
which each job is executed at every time step until it is completed. This
initial schedule is as short as possible; its length is only D. Let Iy =D and
I; = max[logI;_1,Q] for all j > 1. Our aim is to show that for all j > 1
with I; >max[log;_1,Q,36] there exists a refinement from schedule S;_; to
S; such that the congestion at any machine for any I ;’—interval is bounded
by O(% I]?’) So when I; = @ or logl; < 36 for the first time, we reached
the situation claimed in the lemma. (The condition I; > 36 was chosen to
simplify the presentation of the proof. Basically, our techniques can be used
for any I, >Q>1.)

The first step is to assign an initial delay to each job, chosen indepen-
dently and uniformly at random from the range [0, A — 1], where Ay =D
In the resulting schedule, S, a job that is assigned a delay of § waits for
0 steps and afterwards is processed without waiting again until it is com-
pleted. The length of S is at most 2D. We use the Lovasz local lemma to
show that if the delays are chosen independently and uniformly at random
and [ is sufficiently large, then with nonzero probability the congestion at
any machine in any I3-interval is at most C; = (1 + \F)I 3. Thus, such a
set of delays must exist.

To apply the local lemma, we associate a bad event with each machine.
For machine M and time interval I, we define the congestion of M at [
to be the sum of the lengths of those operations on M that start within
time interval I. (Hence, operations that start in an earlier time interval and
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extend into I are not counted, whereas for operations that start in I we also
count their part that extends into subsequent intervals.) The bad event for
machine M is that there is some I{-interval with a congestion of more than
C1. We bound the dependence b among the bad events and the probability
p that a bad event occurs.

We first bound the dependence. Whether or not a bad event occurs de-
pends solely on the delays assigned to the jobs that have operations for the
corresponding machine. Thus, two bad events are independent unless some
job has operations in both of the corresponding sets. Since each machine
processes at most C operations and each of the corresponding jobs has op-
erations in at most D other sets, the dependence b of the bad events is at
most C'- D.

Next we bound the probability that a bad event occurs. Consider some
fixed machine M and I3-interval I. Let m be the number of operations for M.
For every i € {1,...,m}, let the random variable X; be the length of operation
i if operation i is started during I and 0 otherwise. Let X =>""", X;. Since
the jobs choose their delays uniformly at random from a range of size Ay,
we get Pr[X;#0]<I3/A; for all i€ {1,...,m}. Hence,

E[X] = iE[Xi] < % I3
=1

As every job has operations for at most ) time steps at M, the X;’s can be
grouped together to independent random variables of value at most Q. Thus,
we get together with the Chernoff-Hoeffding bounds and e= —+— (note that

VI
€<1 because I; >36) that

2
_4_ ) C.13/3
Pr[XzCl]:Pr[Xz(l—i—e)% Iﬂ<e ( 11) 517/3Q
1
<e 45l < .
=° " S(cop

For the last inequality we used I; >log D, and C/D >1logC/log D for C >
D >2. Since for each set there are at most D+A;=2D many I3-intervals to
consider, the probability that a bad event occurs for machine M is bounded
by p <1/(4CD). Thus, the product ep(b+1) is less than 1 and therefore,
by the Lovéasz local lemma, there is an assignment of delays such that the
congestion at every machine in every I3-interval is bounded by Cj.

We now break schedule S; into frames of length I{}. With each frame we
associate those operations that S7 schedules to start within the time interval
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of the frame. For each job that has at least one operation associated with
the frame, we consider the fragment of the job composed of those operations
associated with the frame. For each frame separately, for each fragment of a
job, we choose an additional delay relative to the starting point of the frame.
Schedule Sy then results from executing the modified frames one after the
other.

To simplify terminology, we treat each fragment of a job as a job by
itself. The final schedule will guarantee that fragments of the same job are
scheduled in order. Consider now some fixed I{-frame F in Sy. Let the delays
of the jobs in F be chosen in the range [0, Ay—1], where Ay =I7—I3. Hence,
the length of the resulting schedule for this frame is at most I} +I$ + P <
(142/11)I{ (recall that P<Q<1I;). We use the Lovész local lemma to show
that if the delays are chosen independently and uniformly at random and
I5 is sufficiently large, then with nonzero probability the congestion in any
I3-interval is at most

=1+ 7z) (130113) Iz
-5 71) <” 7)) B

Thus, such a set of delays must exist.

To apply the Lovéasz local lemma, we associate a bad event with each
machine. The bad event for machine M is that there is some I3-interval I
with a congestion of more than Csy. Let m be the number of operations on
M. For every i € {1,...,m}, let the random variable X; denote the length
of operation ¢ if operation ¢ is started during I and 0 otherwise. Let X =
>, X;. Since the jobs choose their delays uniformly at random from a
range of size Ay, we get Pr[X;#0]<I3/A, for all i {1,...,m}. Hence,

C 3

ZE TFE I3

Since, similar to the first refinement step, the X;’s can be grouped together
to independent random variables of Value at most ), we get together with

the Chernoff-Hoeffding bounds and e= \/—— (note that e<1) that

Cy
B -1

Pr[X > Cy] = Pr [X > (14—t g3

2
< e’(T) 712%12 < 2717%12‘
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Since the total number of I f’—intervals to be considered is at most |F'|+Ag <
21, the probability that a bad event occurs for machine M is bounded by

C
p<2It-27'7pl < LDtz

Next we bound the dependence among these events. Clearly, two bad events
are independent unless some job has operations at both of the corresponding
machines. Since each machine has at most [;C; operations and each of
the corresponding jobs has operations in at most I{ other machines, the
dependence b of the bad events is at most C11 15 < 2%[ 8. Hence, the product
ep(b+1) is less than 1 and therefore, by the Lovasz local lemma, there is
some assignment of delays such that the congestion at every machine in
every I3-interval is bounded by Cs.

We continue to refine each frame recursively in a way similar to above.
That is, for frames of length I;-l we choose delays up to a value of I J?’ -1 J?’ 1
and bound the congestion in intervals of lengths I ]3 ' 1- Eventually, we reach a
value k for which either I}, =@ or log I}, <36 (implying that I is a constant).
We end up with a schedule S with a total length of at most

k—1 92
2D [] (1 + 7) = 0(D)
j=1

J

and with a congestion Cj, in each I}-frame of at most

O T ]

j=2
which proves Lemma 2.6. ]
This completes the proof of Lemma 2.5. ]

2.5. An intermediate schedule for acyclic JSS

In this section we prove the existence of an intermediate schedule that fulfills
the requirements of Lemma 2.4 with

c=loglogD, «a=O0(loglogP), v=0(1+D/C), and j,6=0(1).

As in Section 2.4 we assume w.l.o.g. that C' > D. Also, we assume that
D and log D are powers of two. It is not difficult to see that if this is not
true, rounding these to the next higher power of two does not affect the
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bounds in this section. To simplify subsequent notation, we reverse the order

of the T;. That is, for every i € {1,. ..,logoﬁ)lg)D} the set T; is defined as
1O£D" 3 Tioa 1D} and Tp = {D}. Since there can be at most C'/D many

Ty-operations on each machine, we will not consider these operations in the
following.

Lemma 2.7. For any acyclic job shop scheduling problem, there exists a
well-structured schedule of length O(D) with the following properties hold-
ing for every machine:

e For every set T;, the T;-contention is at most O(loglog P+ C/D).
e For every frame F, where |F| is a power of log D, the (< |F|/logD)-
congestion is at most O(|F|C/D). 1

We will only prove the existence of a non-well-structured schedule with
the properties above. As noted in Lemma 2.5, it can be easily transformed
into a well-structured schedule with the same properties.

In case that P> D% we have log log P=06(loglog D) and therefore can
replace the contention bound above by O(loglog D+C/D). If P < D'/*, then
we use the same strategy as described for Q < D'/* in Lemma 2.5 to create
a schedule that can be partitioned into frames of size P? with congestion at
most O(%-P3), and continue to schedule each of these frames independently.
It therefore suffices to consider the case P> DY4 i. e., to show that there
exists an intermediate schedule with a Tj-contention of O(loglog D+ C'/D)
for every i.

Our strategy for constructing an efficient schedule is to make a succession
of refinements to an initial schedule Sy. In Sy each job is executed at every
time step until it is completed. This initial schedule is as short as possible;
its length is only D. Unfortunately, as many as C jobs may have to use a
machine at a single time step in Sy. In order to refine Sy to a schedule Sy,
each job is assigned a suitable delay from the range [0, D — % —1]. Every
job that is assigned a delay of ¢ waits for d time steps and then is processed
by the machines in the prescribed order until it is completed. Hence, the
length of Sy is bounded by 2D — log o

In order to refine S7 to Sa, each job in S; is again assigned a suitable
delay, but this time from the range |0, lolg)D logD2D —1]. Each job that is
assigned a delay of § waits for § time steps in addition to the time steps it
is already waiting according to S; and then is processed by the machines in
the prescribed order until it is completed. Hence, the length of S5 is bounded
by 2D.
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For the refinement from S to S3, we break the schedule of Sy into frames
of length %. Each such frame F} is considered separately from the other
frames, and a subschedule S3 ; is constructed for it. Then the subschedules
S3.j are concatenated back together (with some overlap) to give schedule Ss.

Let us describe in a bit more detail how to refine a frame Fj; to a
subschedule S3 ;. Each operation is associated with the frame at which it
starts. Within each frame, each job is given a suitable delay in the range

[0, Fg’%— éf_l]' So a job starting at time t in F' with delay 6 now starts

at time ¢+ in S3 ;. There is no simple bound on the length of S5 ;, due to
long operations that start at F; and can extend well into subsequent frames.

; D 2D . .
We consider the first - oD Toe? D steps of a subschedule to be its main part,
D

and the rest of the steps as its extension. Note that all (< o2 D
are guaranteed to be completely processed during the main part, whatever
their delay is. Schedule S3 then consists of processing the main parts of
S31,53,2,... one after the other, letting the extension of a subschedule run
in parallel to the main parts of subschedules that follow it.

The rest of the refinements is similar to the refinement from Sy to Sj3,
with the difference that, for a refinement from schedule S,_; to schedule S,

D

for some r >4, S,_1 is broken into frames of size g™ 7D and within each

frame, each job is given a suitable delay in the range [0, log’”%D — logLTD —1].
The main part of any resulting subschedule is considered to be its first

D 2D
log" 2D + log" 1D steps.

We continue to do these refinements until for the first time, frames of size
at most log® D have been refined. Hence, the number of refinement steps is

roughly %. Our refinements lead to the following claim.

)-operations

Claim 2.8. For any r>2, the total length of schedule S, is bounded by

9 r—2
1 2D.
( + log D)

This claim shows that the length of the final schedule is at most 3D
(. €., § <3). It remains to prove bounds on the congestion and contention
of the operations. We want to achieve this by considering for each S, ; with
r>1 (let Si,; denote S and Ss ;1 denote Sy) the following problems for every
machine:

e For every ¢ < r+ 1, we want to bound the contention caused by T;-
operations, and

e for all (< -operations we want to bound the congestion in any

D
g7 D)

D .
m—mterval.
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For this, let us introduce the following notation. For any time interval I
and schedule S, let S|; denote S restricted to I (that is, S|; only contains
operations that start in I'). Fix some machine M and schedule S. Then the
T;-congestion C’l-s at M is defined as the congestion at M caused by T;-
operations in S. C’gi denotes the congestion in S caused by all Tj-operations
with j > 4. Furthermore, the Tj-contention ¢; at M is defined as the con-
tention at M caused by Tj-operations in S.
In order to obtain the properties above, we prove the following claim.

Claim 2.9. After the last refinement we end up with a schedule S such
that for every machine it holds:

(1) For every i>1, ¢f = O(C—l—loglogD), and

(2) for every r>2, C’S‘F O(-5ED) for every ;

os” 2D 7721) -frame F in S.

This implies that o =0O(loglog D) and 3,7=0(1). Therefore, it remains to
show Claim 2.9.

Our refinement strategy above was chosen such that for every refinement
step r we can basically use the same analysis for bounding the congestion
and contention. Hence, let us consider in the following some fixed > 1, and
let us assume that for all ' <r the claims below have already been shown to
be true. Since our refinement strategy allows us to refine each frame of size
bg%Z_D in S,_1 independently, let us consider for the rest of the proof some

fixed frame F' of this size. Our goal is to refine schedule S/._; = S,_1|p to
some new schedule S/ that is then used together with the refined schedules
of other frames as described above to construct some schedule S,.

2.5.1. Bounding the congestion.

Let ', S!_; and S be deﬁned as above. Let Z; denote the set of all possible
time intervals of length m in F', and let ¢; = gZD 5
largest possible length of a Tj-operation. The followmg claim bounds the
congestion of S/ in terms of the congestion of S]._;

denote twice the

Claim 2.10. Let CT U — maxjer, 1C T 1‘1, and let C" = maxyez, C; Selr
There is a schedu]e S! such that (in addition to the contention bounds
stated in Claim 2.12) it holds for every i>r-+2 and every machine:

~ ~ Ar—1
(1) If C7 ' > 4;1og" D then O = (14 0(15ip)) -

(2) If £;1og> D<CI L < 4;1og* D then CT=(1+0O(

Ar—1
Ci

Viorp) D
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~ ~ Ar—1
(3) If t;log? D< 7™ <{;log” D then ?[:O(iigD ).
(4) If t;log D<C] ™' <{;log? D then Cf =O({;log D).
(5) If CI ' <t;log D then CT <C/™ 1.

Furthermore, it holds:

s, Sy_qlr

(6) maxser, CT+|1IS2maXIEITA CrJ:ll and
s/ S,

(7) CFr=Cpr

Obviously, Claim 2.10 (7) is always true, as in both cases we sum up the
lengths of exactly the same set of operations. Claim 2.10 (5) and (6) are also
true, since the delays for S| are chosen from the range [0, h)grL*lD_logLTD_l]‘
So it remains to prove Claim 2.10 (1)—(4). This will be done later.

Assume that Claim 2.10 (1)—(4) are true. Then we can show the following

lemma.

. . . s/
Lemma 2.11. For every logLrD—mterval I in S/ and every machine, C’Z;‘fFQ =
C+D
O( log" D ) :

Proof. Fix some machine M. We start by showing that for every r>1 and
1>r+2 it holds for every logLTD—interval I in S] that

, 50
el =0 <logiD + 6log D) .

Let us assume that C’Z«S 0 =/;log® D for some o> 0. Then we get for every
1<r<a—3 and every IOgLTD-interval I in S]. with the help of Claim 2.10 (1)

that S
Srlr 1 oy

crih =11 .

Ci ( +0 <10gD>) log" D

For a —3 <r < a—2 and every logL,«D—interval I in S/, this yields with
Claim 2.10 (2)

, 1 r—1 1 50
' =(o(mp) (+o(nem)) e
! + log D - logD/) log" D’

and for a —2<r<a—1 and every IOgLTD—interval I in S/, this yields with
Claim 2.10 (3)

/ 1 \\"? 1 cpo
o= (1+0(55p)) (10 (Tmem)) 0 (e
! + log D * log D log" D

So
log" D
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Finally, for a—1<r<a we get with Claim 2.10 (4) that CS r =0 (¢;log D).
So for every r>1 and every %—interval I'in S, C’;L{Z is bounded by

S oot = 0( + 4 10gD>

i>r+2 i>r+42
1 s, D
log" D izzr;rz 2‘2;2 log'™' D
(C’ + D .
log" D

Hence, for every machlne M, the total congestion in S. caused by (<
—D,l—) -operations in frame F' is bounded by

log" "D
C+D C+D C+D
1 D2-0< ) 1 D-O<7> <7)
( 0g ) logr D + ( og ) log'r’fl D 10gr72 D

(< 710gr21 D )-operations T, 41-operations T,-operations

—o(Lxhy,
log"“ D

The first term in the left hand side comes from Lemma 2.11 together with
the fact that there are roughly (log D)? disjoint intervals of length D/log” D
in frame F. The second term uses Lemma 2.11 and Claim 2.10 (6), and
the third term uses Lemma 2.11, Claim 2.10 (6) and Claim 2.10 (7). Hence,
under the assumption that Claim 2.10 is correct, Claim 2.9 (2) follows. It
remains to prove Claim 2.9 (1).

2.5.2. Bounding the contention.
In order to bound the contention, we will prove the following claim.

Claim 2.12. There is a schedule S!. such that (in addition to the congestion
bounds stated in Claim 2.10)

(1) cfil =0(% +loglog D),
(2) CE;:O(CE’LI), and
(3) cf; §2cfi for all i <r—1.
Claim 2.12 (3) is easy to show. Since the total amount of time steps by
which the Tj-operations move for the refinements following schedule .5; is

bounded by
Z ( D D ) - D
=i log/ ' D log/ D log’ D log D’
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the contention of these operations can at most double afterwards. Suppose
that Claim 2.12 (1) and (2) are also true. Then we can show the following
lemma.

Lemma 2.13. After the last refinement, for every i > 1 and machine, the
contention among the Tj-operations is bounded by O(% +loglog D).

Proof. Using Claim 2.12 it follows that, for any r > 1 and ¢ <r 41, the
contention among the Tj-operations is bounded by O(% +loglog D) in S,.
We mentioned earlier that we want to stop the refinements after for the first
time frames of size at most log® D have been refined, that is, = _D__ 5< log® D.

In this case, T,41 represents a set of t-operations with ¢ e {1,...,2 log D},
and since their contention is bounded because of Claim 2.12 (1), the lemma
follows. |

So if Claim 2.12 is true, then Claim 2.9 (1) follows.

2.5.3. Proofs of Claim 2.10 and Claim 2.12.
Recall that we want to show that on frame F of length D/ log" 2 D we can
refine schedule S/ _; to obtain a schedule S!. that satisfies certain bounds on
the congestion and contention. Our proof will use the general form of the
Lovasz local lemma. We associate bad events with each machine. For some
fixed machine M, A; denotes the event that the congestion of T;-operations is
too high in S/, and B; denotes the event that the contention of T;-operations
is too high. We first bound the probabilities for the A; and B; events.

Let us consider some event A; with i >r+2, denoted by A in the following.
We distinguish between the following two cases:

C”" 1'> ;1og? D: Consider some ﬁxed 7D—1nterval I'in S/_;. The

interval composed of the last > time steps of I is called the tazl of I.
Let all T;-operations on M that start in I be numbered from 1 to a. For
every j€{1,...,a}, let the random variable X; be t if operation j is a t-
operation and chooses a delay such that it starts during the tail of I, and
0 if operation j chooses a delay such that it starts either before or after
the tail of I. (Note that all operations that might be processed during
the tail of I in S start in S;_; during I.) Let X =37, X;. Since the
jobs choose their delays independently and uniformly at random from a
D D
range of [0, o5 1D gD~ 1], we get
D/log" D B 1

= D/(log” ' D)= D/(log" D) logD —1

Pr[X, # 0] <
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for every j. Hence, E[X]<C7~!/(logD—1). Let u=C7"'/(log D—1) and

5:min[\/éffl/(€i log? D), log D). Since the operations considered for A
have a length of at most k= ¢;/2, we get together with the Chernoff—
Hoeffding bounds that, for e=2 if 2 <1 and e=(2)? otherwise,

Ar—1
Ar—1 —6max |log D, G
Pr [X 2 (1 n E)/J]] é e_(3/5)21;11371/3k S o a; |:og 2;log3 D]

In this bound, we replace the expression C7~!/(¢;log? D) as follows. Let
m 4 denote the number of T;-operations on M in the frame F'. Since the
smallest Tj-operations have size ¢;/log D and frame F' has log D disjoint
intervals of size D/(log D)" ", we have that m 4 < (log D-C7~1)/(£;/log D)
and therefore C‘: >ma-l / log? D. We conclude that for € as defined in
the two cases above

Ar—1

Pr|X > (1 + 6)017] < e*ﬁmax[logD, mA/log5 D]

logD—-1| —
. crt D
Let us define the event A to be true if X > (1—}—6)@ for some e T
interval in S/._;. Since at most 21% different —21—-intervals have
og D log D

to be considered, we get

1
Pr[A] < min {ﬁ’ D . e 6ma/log’ D} ‘

° /; logDSCZT’_l(I) <l;1og? D: Let X, p1, and k be defined as before. Then

. _ 12log D
we get with e= ik that

eé

w/k )
Trgm) SersD
€ €

Pr[X > (14 e)u] < <

The rest is similar to above to obtain Pr[4] < 2.

Next we bound the probabilities for the contention events. For some fixed
machine M and i€ {r,r+1}, let us consider the respective event B;, which
we will denote by B in the following.

First, we consider the case that i =r+ 1. Consider some fixed bg—TD,lf—
interval I in S!_;, and let ¢ denote its last time step. Let O; denote the
set of all T, q-operations on M that start in I. (Note that O; contains
all T,;1-operations that might be processed at time step ¢ in schedule S.)

Since each unit of processing of an operation in O; has a probability of
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at most 1/( Toa” =25) to be executed at time ¢, the probability that

lo g’“ 1D
k = e(e + 1)max| r+1/|[| loglog D] operations are executed at time t is
bounded by

k k
(CHl) 1 < C“Fl <e 7k
log

D D =
k r—lD_logTD k(l—@)|l|
Let us define B to be true if this contention bound is true for the last time
step of every W%D—interval I'in S/_;. Using Lemma 2.11 as an inductive

hypothesis for refinement step r — C’r 1 —O(log%l—) Thus,

CcC+D 1
k=0|——— — +loglo D) =0(C/D +loglog D) ,
<1Og”D 7] +loslos (c/ glog D)
as desired. Since the smallest operations in B have a length of at least
lr4+1/log D, the total number mp of T, j-operations on M within frame F
is at most (log D - CTH)/(ETH/log D) and therefore,

S MB - b1 _ S D
H = log’D b log" 2 D’

9

Hence, the probability that B is true w.r.t. I is at most

e—lO max[loglog D, mp/ log® D]

Since at most 2log® D time steps have to be checked to be sure that nowhere
in S/_; the contention caused by T, 1-operations exceeds k, we get

Pr[B] < min %0, 2log® D - e 10ms/log? D
log™ D
The calculations for the case that event B considers T,-operations are sim-
ilar: if we assume Claim 2.12 (1) to be true for these operations after re-
finement step 7 —1 and choose k = O(max[C"~ 1/m, loglog D]) large
enough, then we end up with the same probability and contention bounds
as above.

Next we bound the dependencies among the A;-events and the Bj-events.
Whether or not a bad event A; occurs depends solely on the delays assigned
to the jobs that have a Tj-operation on the respective machine M. Each
of these my, jobs may have operations that influence up to D other A;
on other machines. Hence, each A; depends on at most m4, D other A;-
events. Furthermore, every such job may also have operations that influence
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at most log® D Bj-events on other machines. This holds, since schedule S/._;

WL,QD in S,_1 and the lengths of the operations

influencing Bj-events are at least log’"%D'
of an A;-event on Bj-events is bounded by m4, log® D.

Whether or not a bad event B; occurs also depends solely on the delays
assigned to the jobs that have a Tj-operation on the respective machine
M. Since each of these mp, jobs may have operations that influence up to
log® D other Bj, each B; depends on at most mp, log® D other Bj-events.
Furthermore, every such job may also influence up to D Aj-events. Hence,
the maximum dependence of a B;-event on Aj-events is bounded by mp, D.

Before we use the Lovasz local lemma, we state a simple claim

is based on a frame of size

Hence, the maximum dependence

Claim 2.14. For any 0<x<1/2, 1 —z>e %7,

Proof. Since for all 0 <x <1/2 we have 1 —2x+ 22 >e 2 and 1 —z >
1—22+ 222, the claim follows. ]

Now we are ready to apply the Lovasz local lemma. We will assume that
D is sufficiently large. For every A;, choose p4, as pa, = %, and for every B;,
choose pp, as pp, = F;fD. Let G be the dependency graph of the A;-events
and Bj-events. Then it holds for every A; that

pa, ] Q-pa) [] Q-»s)

{Ai7Aj}EG {Ai7Bj}EG

1 1 mAiD 1 ma, 10g3D
L) e )

D3 D3 log? D

1
> 5 e=2ma;/D?  o=2ma,/log® D Pr[A] ,

because for m 4, <log® D we have
1

% . e—2ma;/D? | —2my,/log® D > o
and for m 4, >1og® D we have
1
D3
For every B; we further get that

pe, I (-pa) JI @Q-ps)

{Bi,A;}€G {Bi,Bj}eG

.e—2ma,/D* | —2ma,/log® D >D. o—6ma;/log’ D
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1 1 mBz‘D 1 mp; 10g3D
) o
log” D D3 log” D

1

> 1og9D _e—szi/D2 'e—2m3i/log6D > Pr[B]

(A

because for mp, <log® D we have

1 . ef2mBi/D2 . ef2mBi/log6 D 1
log” D ~log'®D
and for mp, >log® D we have

1
log® D

2 6 3
. ef2m3i/D . ef2mBi/log D > 210g3D . eflomBi/log D‘

Hence, according to the Lovész local lemma, there exists a set of delays that
fulfills the requirements of Claims 2.10 and 2.12. So a refinement from .S, _1
to S, is possible as we claimed it, which proves Lemma 2.7. ]

2.6. Proof of Item 2 of Theorem 1.1

As before, let us assume that C'> D. In order to simplify the proof, we first
consider the situation that there are only two different operation lengths,
Py and P», with P, > P» (recall that w.l.o.g. we can assume that P; and
P, are powers of 2). Our strategy for constructing an efficient schedule is
to successively refine the (possibly illegal) well-structured schedule Sy that
runs all jobs in parallel. Let Iy- P} with Ip = D/P; be the frame size to be
refined in schedule Sy and I ;’Pl with I; =logl;_; for all j >1 be the frame
size to be refined in schedule S;. Our aim is to show that for all j>1 with
I; > 36 there exists a refinement from schedule S;_; to a well-structured
schedule S; such that the congestion at any machine for any frame of size
IJZPl is bounded by O(% -I]2P1). (The condition I; >36 was only chosen to
simplify the proof.) So when log I; <36 for the first time then the contention
among the Pj-operations must be O(C/D). Furthermore, the congestion
caused by Ps-operations in any Pj-interval must be bounded by O(% -Py).
Our strategy therefore is to break schedule S; into sub-schedules of length P
and continue to schedule each sub-schedule independently, using the same
refinement strategy for the Ps-operations as before for the Pj-operations. At
the end we want to arrive at a well-structured schedule of length O(D) in
which both Pj-operations and P-operations have a contention of O(C'/D).
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This schedule can then be transformed into a legal schedule of length O(C+
D) by using the strategy in the proof of Lemma 2.4 (1).

Let us describe now in detail, how to do the refinements. In the following,
set dy =D/P; and do = D/P,. The first step is to assign an initial delay to
each job, chosen independently and uniformly at random from {iP; | i €
[0,dy —1]}. In the resulting schedule, Sy, a job that is assigned a delay of
0 waits for 0 steps and then is processed without waiting again until it is
completed. The length of Sy is at most 2D. We show that if the delays
are chosen independently and uniformly at random and Iy is sufficiently
large, then with nonzero probability the congestion at any machine in any
time interval of size I2Py starting at an integer multiple of P; is at most
Ci=%(1+ JLI—I)I%Pl for both P;- and Ps-operations. (Since the delays are
multiples of P; and Sy is well-structured, we only have to consider these
I? Py-intervals for our refinement step.) Thus, such a set of delays must exist.

To apply the Lovasz local lemma, we associate two bad events with each
machine. Fix some machine M. For i € {1,2}, the bad event A)s; for the
P;-operations at M is that there is some I? Pj-interval starting at an integer
multiple of P; with a congestion of more than C;. For this we have to bound
the dependence among the bad events and the probability that a bad event
occurs.

Let us start with bounding the probability. Consider some fixed event
Apni, denoted by A, and I?Pyi-interval I. Let m; be the number of P;-
operations on M. For every j € {1,...,m;}, let the random variable X; be
P; if operation j is started in I and 0 otherwise. Let X :Z;n:il Xj. Since the
jobs choose their delays uniformly at random from {iP; |i € [0,d; — 1]}, we
get Pr[X;=P;|<I?/d, for all j. Hence,

Let ¢y =C/P; and co=C/P,. Together with the Chernoff-Hoeffding bounds

we get with e= \/Ll—l (note that I; >36) that

Pr[X > (1] =Pr[X > (146 - 3P|

2
() cp _ C/P;
<e ( _11> 517 P1/3P; _ o ONiETE

_ o—5hei/di
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The total number of I %Pl—intervals to be considered is at most 2d;. Hence,
the probability that a bad event A occurs is bounded by

2d; - e—hici/di _ 2d; . e—5(logd1)ci/d1 < d;5ci/d1‘

Now, we bound the dependencies among the events. Whether or not a bad
event Az 1 occurs depends solely on the delays assigned to the jobs whose
operations influence A,y 1. Since each of the at most ¢; jobs regarded by A1
may have operations that influence up to d; other Ay 1, each Apr 1 depends
on at most cidy other Ay j-events. Furthermore, every job associated with
A1 may also have operations that influence up to da App 2-events. Hence
the maximum dependence of an Ay 1-event on Ay o-events is bounded by
c1dy. Similarly, each Ay 2 depends on at most cady other Ay o-events and
on at most cod; other Ay j-events.

Now we are ready to apply the Lovasz local lemma. Recall that, since
C>D, c1>dy and cp > dy. Let p; = d;QCl/dl and po = d;2c2/d1. Let G be
defined as the dependency graph of the A i-events and Ay 2-events. Then
it holds for every Az, that

P1 II a-p) I a-p)

{Am,1, Ay 1 }EG {Ar,1,A N 2 }EG
> d1—201/d1 (1 . d1—2c1/d1>c1d1 (1 _ d1—202/d1>01d2
> gr2a/d 24 2V ey | —2d7 M eydy
> d;201/d1 . e—2 . e—2cl/d1 > Pr [AM,I] ’

because
dl—ch/d1 cqdi <1 & 2¢ >d (1 + logdl Cl) )

which is true for all ¢; >d;, and
d;2c2/d1 ccpdy < Cl/dl & 209 > dy (1 + logdl dg) ,

which is also true since cg >da >d;. For every Ajro we further get that

P2 II a-p) I a-p)

{Am,2, Ay 1 }EG {Ar,2, Ay 2 }EG
— — cady _ cadso
Z dl 2¢a/dq (1 _ dl 201/d1> (1 _ dl 202/d1>

Z d;202/d1 X e—2d;2cl/d102d1 X e—2d;2c2/d102d2

> dy 2l o 2e/d o2 > Pr Ay ) |
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because

d;ch/dl . CZdl < 02/d1 &S e > d1 R

which is true, and
—2¢o2/dy
dl cepdy <1 & 2c9 > dy (1 + logdl dg) ,

which is also true since co >ds >d;. Hence, there is an assignment of delays
to the jobs such that a refinement from schedule Sy to S7 is possible such
that the congestion at any machine M; in any I? Pj-interval is bounded by
C1.

Next, we break schedule S7 into frames of size I%Pl and schedule each
frame independently. So each frame can be viewed as a separate scheduling
problem where the jobs associated with a frame are those that have oper-
ations scheduled by S; within the frame, and each such job contains only
its operations scheduled within that frame. For each frame, our refinement
step will choose for each associated job a suitable initial delay. Schedule S,
then results from executing the modified frames one after the other.

Consider some fixed I P;-frame F in S;. Let each job randomly choose an
(additional) initial delay in the range {iP; |i€[0,1?—1]}. Then the length of
the resulting schedule for this frame is at most I$ Pj+I? P; = (l—l—%)lf’Pl. It is
not difficult to see that we can use the Lovasz local lemma in a similar way as
above to show that if the delays are chosen independently and uniformly at
random, then with nonzero probability the congestion in any I3 Pj-interval
in F starting at an integer multiple of P; is at most

=3 (1+ f—f—l) (1+ ﬁ:) (= (112/11>2> 1

for both Pj- and Ps-operations. Thus, such a set of delays must exist. (The
analysis is a combination of the analysis above and the second refinement
step in the proof of Lemma 2.6).

Continuing with the refinements until log/; < 36 completes the refine-
ments for the Pj-operations. The processing of the Ps-operations is after-
wards refined similar to Lemma 2.6. This proves the theorem for two different
operation lengths.

Extending this refinement technique from two different operation lengths
to any constant number of operation lengths by using it again and again from
the largest to the smallest operations proves item 2 of Theorem 1.1.



IMPROVED BOUNDS FOR ACYCLIC JOB SHOP SCHEDULING 393

3. Lower Bounds

We first exhibit an instance of general JSS for which it is relatively simple
to show that L={2(lbloglb/logloglb).

3.1. General JSS

Theorem 3.1. For any integers 1 < k <r, there is an instance of job shop
scheduling with k jobs, k machines, dilation and congestion each equal to

D=Fkr*=1, such that any legal schedule is of length more than Dk(1— :fj)

Proof. We describe the JSS instance for arbitrary integers 1<k <r. There
are k machines. Each job is composed of repetitions of the sequence of op-
erations M1, Mo, ..., M. For job ¢, 1 <14 <k, each operation requires time
=1 and the sequence as a whole is repeated r*~% times. Hence, the length
of each job (the dilation) is ri~!-k-r*~% = kr*~1 which we denote by D. The
congestion (the total demand for any individual machine) is also D, as each
job requires time D/k on each machine.

Fix an arbitrary legal schedule S for the jobs, without preemption. We
shall show that the length of the schedule must be more than Dk(1— ’ﬁj)

Consider two arbitrary jobs, J; and J;. Relative to the schedule S, we
define the overlap O(i,j) as the number of time units in which both J; and
J; perform operations.

Proposition 3.2. For 1<i<j<k,
D(k—-1)

Oi,j) < —5=
Proof. During the execution of an operation of J; on machine M, job J;
can complete at most k—1 operations (as operations on machine M have to
wait). Each operation of J; is shorter than the operation of J; by a factor
of ri—1, |

We now use the first two terms of the exclusion-inclusion formula
to bound |S|, the total length of schedule S. We obtain, |S| > kD —

Pi<icj<k O(i,j). But

Y o=y Y o<y ¥ PESD

1<i<j<k 9< <k 1<i<j 2<<k 1<i<j
X:D@—1y_mk—mD
r—1  r=1

1<j<k
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Hence, |S|>kD(1 - 5=1). 1

Observe that already for the case of three jobs and three machines, when
r is sufficiently large we get that every job and every machine is idle for
most of the duration of any legal schedule. Also, when r ~ klogk, then the
length of the shortest schedule is nearly kD, and k ~log D/loglog D. This
proves Theorem 1.3.

If preemption is allowed, then the jobs in the proof of Theorem 3.1 can be
scheduled within O(D) steps. This is a consequence of item 3 in Lemma 2.4.

3.2. Acyclic JSS

Here we prove Theorem 1.4, which is a direct consequence of Theorem 3.7
below.

Throughout this section we assume that m is sufficiently large. In order
to avoid excessive use of floor and ceiling notation, we treat all functions of
m (such as logm, /m, 5m/6logm, etc.) as if they give integer values. (The
effect of rounding fractional values of these functions to the nearest integer is
negligible for the purpose of our lower bound, when m is sufficiently large.)
We start with preliminary definitions and a lemma.

Definition 3.3. A bucket configuration B(m, k) is a collection of 2F buckets,
where each bucket contains m —m/(logm)? of the m machines.

Definition 3.4. A partial cover of job J=DM; ,M,,,...,M; by bucket con-
figuration B(m, k) is the assignment of the buckets of B(m, k) to nonoverlap-
ping intervals within 1,...,7;, such that within each interval, all operations
of job J are on machines that are in the respective bucket. Job J avoids
bucket configuration B(m,k) if for any partial cover of J by B(m,k), the
number of operations of J that remain uncovered is at least [/2.

Definition 3.5. A bucket avoiding family of jobs F(l,m,k) is a collection
of m/logm jobs, where each job contains 2! operations and the collection
has the following properties:

(1) Each machine participates in at most 2/*1/logm jobs.
(2) Each job is acyclic.
(3) For any bucket configuration B(m,k), at least half of the jobs avoid it.

logm

Lemma 3.6. For m sufficiently large, for k <=3~ —4loglogm —1, and for
l=k+4loglogm, there is a bucket avoiding family of jobs F(l,m,k).
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Proof. We shall use the term overwhelming (negligible, respectively) to de-
note a probability that tends to 1 (to 0, respectively) as m tends to infinity.
Consider the following four step randomized procedure for constructing

F(l,m,k).

(1) For each of the m/logm jobs independently, each of the 2! operations
in a job is to be executed on a machine chosen uniformly at random,
independently of all other choices.

(2) If there is some machine that participates in more than 2+1 /logm op-
erations, abort the construction.

(3) If less than 5m/6logm jobs are acyclic, abort.

(4) Leave 5m/6logm acyclic jobs untouched. The total number of opera-
tions in the remaining jobs is 2/m /61logm. Globally rearrange these opera-
tions within the m/6logm jobs so that each of these jobs becomes acyclic.
(By item 2 above, each machine participates in at most i+l /logm oper-
ations. Observe that for sufficiently large m, the condition that [ < lo%
implies that 2/ /logm <m/6logm. Hence, the rearranging is possible.)

First, let us show that the probability that the construction aborts is negli-
gible.

View each operation as a ball and each machine as a bin. Then choosing
an operation at random is the same as putting a ball in a random bin.
We have m2'/logm balls and m bins. For [ > 4loglogm (as we have in
the lemma), the expected number of balls per bin is at least (logm)?, and
standard analysis of throwing balls into bins shows that the probability that
some bin contains more balls than twice the expectation is negligible. Hence,
the probability of aborting in step 2 of the construction is negligible.

Consider any particular job. The probability that it has two operations
on the same machine is at most (2;) /m, which is less than 1/8, as | <
logm _ 4 Hence, the expected number of acyclic jobs is at least 7m/8logm,
and standard bounds on large deviations show that the probability that
step 3 aborts is negligible.

We conclude that with overwhelming probability, the construction does
not abort. Observe that in this case, conditions 1 and 2 of definition 3.5
hold, and it remains to verify that condition 3 holds with high probability.
We shall check a stronger condition after step 1 of the construction, namely,
that for any bucket configuration B(m,k), at least two thirds of the jobs
avoid it. This implies that condition 3 holds after step 4 of the construction,
as only one sixth of the jobs are rearranged.

Fix a particular bucket configuration B(m,k), and consider a job J com-
posed of a sequence of 2/ machines chosen independently at random. If J does
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not avoid B(m, k), then 2i=1 of its operations are covered by the 2* buckets.
Hence, there are 2¢ disjoint sequences of s =2!=k=2 consecutive operations
such that each one of them is completely covered by one bucket (though the
same bucket can cover several such sequences). There are 2! ways of choosing
the starting point of a sequence, and for each sequence there is a choice of 2%
buckets that may cover it. For a particular starting point and a particular
bucket, the probability that all of the s random machines in the sequence are
among the m—m/(logm)? machines in the bucket is (1—(logm)~2)*. Hence,
we conclude that the probability that a random job fails to avoid a particular
bucket configuration is at most (28+(1 — (logm)~2)%)2". Substituting back
in the value of s, setting [ =k +4loglogm, and using the fact that [ < loém,
this can be upper bounded by (22k24l0glogme—(logm)*+4)2" o —alogm)?2* g,
some « that can be made arbitrarily close to 1 when m is sufficiently large.

If there are m/logm random jobs as above, the probability that a third of
them fail to avoid the bucket configuration is 2-PAmlogm2® {41 some B>0. As
there are less than mm2"/(logm)? — gm2"/logm possible bucket configurations,
the probability that a third of the jobs fail to avoid some bucket configuration
is negligible. This takes care of condition 3 in definition 3.5.

As the randomized construction has overwhelming probability of succeed-
ing, we have shown that a bucket avoiding family F'(I,m,k) exists. ]

Theorem 3.7. For a large enough m, there is an instance of acyclic JSS,
with m machines, less than m jobs, dilation roughly \/m, congestion o(,/m),

¢ vmlogm
32loglogm

in terms of dilation (in our case, the congestion is much smaller than the

dilation), any legal schedule has a length of at least Dm&%'

for which any legal schedule requires at leas time steps. Expressed

Proof. Let m be sufficiently large. The instance is composed of K = (logm—
2)/4loglogm+1 families of jobs, indexed by ki, ko, ... ki, where k; =1, and
for any i < K, k;+1 =k;+4loglogm. The family k; contains m/logm jobs,
where each job has only one operation, the length of each job is y/m, and
the operations are all distinct. For 1<i <K, family k; is a bucket avoiding
family F(k;,m,k;_1), where the length of each operation is y/m /2. Hence,
family k; contains m/logm jobs, each job has 2% operations, and the length
of each job is \/m.

Lemma 3.8. Any legal schedule for the above jobs is of length at least
vmlogm

32loglogm *

Proof. Fix any legal schedule, and assume that it is of length ¢\/m, where

logm . c .
c< ToToglogm We shall derive a contradiction.
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For each k; > 1, we define a bucket configuration B(m,k;—2) by induction
relative to the assumed schedule. Each bucket configuration will be associ-
ated with /m/8 time steps of the schedule in which the jobs in family k;
are active, and the time steps associated with different bucket configurations
will be disjoint. This will imply that the schedule must have a length of at

least ‘/>4h1;§:;m Vvmlogm/32loglogm.

Base case. For k1 =1, partition the schedule into 2¢ blocks of consecutive
time steps, where each block is of length /m/2. As operations of family k;
take v/m time units, each operation completely covers at least one block. As
there are m/logm operations in family ki, there is at least one block that

is covered by at least % operations. Take one such block arbitrarily

and m/(logm)? of the machines that cover it. The bucket associated with
k1 contains the m —m/(logm)? other machines. Note that for any i > 1,
a sequence of operations of a job from family k; can be scheduled at the
same time period in which the block corresponding to the ki bucket was
scheduled only if all machines that have operations within the sequence are
in the bucket.

Inductive step. Suppose we have already defined the bucket configuration
for all k; with j <i. We shall now define the bucket configuration associated
with ki—l—l-

For each bucket in each bucket configuration up to k;, mark on the sched-
ule the time steps corresponding to the block that created each bucket.
These time steps are disjoint (disjointness of these time steps is main-
tained by the inductive step). The total number of buckets that we have is
1+Z§~:2 2ki=2 < 2% and each bucket has m—m/(logm)? operations. Hence,
this can be regarded as (a part of) a bucket configuration B(m,k;). Recall
that the family k;;1 was chosen as a bucket avoiding family F'(kji1,m,k;).
This implies that if the schedule is legal, at least half of the jobs of this fam-
ily avoid the bucket configuration B(m,k;). Hence, at least a quarter of the
operations of the family are performed at time steps that are not covered
by previous locations of buckets. Call these operations good.

Partition now the time steps of the schedule into 2¢2%i+1 blocks, each of
size \/m/2¥+171, Remove any block that overlaps the location of a previ-
ous bucket. Each good operation (which is of length /m/2*+1) completely
covers one of the remaining blocks. As there are at least m2F+1 /4logm
good operations, and each block can contain at most m/2logm good opera-
tions (this is the number of jobs involved), at least 2%+1 /4 of the blocks
have m/16clogm > m/(logm)? good operations in them. These blocks
make the bucket configuration associated with k;;q, where the machines
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going into each bucket are those machines that do not cover the respec-
tive block. The total number of time steps associated with these buckets is
(2Fi+1 /4)(y/m/2F+1F1) = /m /8. By construction, the time steps associated
with these buckets are disjoint from those associated with previous buckets. il

To complete the proof of Theorem 3.7, observe that by construction, jobs
are acyclic. The dilation (length of the longest job) is y/m. The total number
of jobs is n = Km/logm ~m/4loglogm. The average load per machine is
ny/m/m < /m/4loglogm. By condition 1 in Definition 3.5 it follows that
the congestion is at most y/m/2loglogm. |

Remark. For the particular instance of JSS that we construct, Lemma 3.8
is best possible up to constant factors. Each family of jobs in our instance
can be scheduled to require O(y/m) time (this follows from the main result
of [8], as all operations within a family are of the same length), and there are
O(logm/loglogm) families. The constant factors can be improved by tight-
ening parameters of the construction (e.g., making k;11 = k; + 3loglogm,
saying that a job avoids a bucket configuration if almost all of its opera-
tions remain uncovered) and tightening the analysis, giving a lower bound
of /mlogm/6loglogm, or Dlog D /3loglogD.
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